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We study the kinematic and thermal vorticities in low-energy heavy-ion collisions by using the Ultra-
relativistic Quantum Molecular Dynamics (UrQMD) model. We explore their time evolution and spatial distri-
bution. We find that the initial vorticities have a non-monotonic dependence on the collision energy
√
sNN: as√
sNN grows the vorticities first increase steeply and then decrease with the turning point around
√
sNN ∼ 3−5
GeV depending on the centrality.
I. INTRODUCTION
Recently, the spin polarization of Λ and Λ¯ hyperons (“Λ
polarization” hereafter) in Au + Au collisions was measured
for the first time at RHIC [1] which confirmed the early idea
discussed in Refs. [2–5]. This measurement opened the door
to a new realm of “subatomic spintronics” in heavy-ion colli-
sions. The underlying mechanism of the Λ polarization is the
quantum mechanical coupling between spin and fluid vortic-
ity [6–9] and, therefore, the measurement provides valuable
information about the vorticity generated in heavy-ion colli-
sions. The so-extracted vorticity averaged over the collision-
energy range
√
sNN = 7.7 − 200 GeV is of the order of
ω ∼ 1022s−1 [1], surpassing the vorticity observed in any
other fluids and thus marking the creation of the “most vorti-
cal fluid” in high-energy heavy-ion collisions.
The results reported in Ref. [1] and also in an earlier publi-
cation for
√
sNN = 200 GeV only [10] are for the integrated
Λ polarization (dubbed global polarization) at mid-rapidity
which may reflect the global angular momentum of the col-
liding system. The subsequent measurements revealed more
details of the local information of Λ polarization, including
its dependence on the transverse momentum, azimuthal an-
gle, and rapidity [11, 12]. These new measurements contain
very nontrivial features that have attracted a lot of attention
and discussions [13–35]. In particular, there exist unsolved
discrepancies between the experiments and the theoretical cal-
culations on the azimuthal-angle dependence of both the lon-
gitudinal and transverse polarization. In addition, the experi-
ments also reported the measurement of the spin alignment of
φ and K∗0 mesons which show features that are also not fully
understood [36–38]. These call for more detailed theoretical
study of the vorticity and the spin-polarization phenomena in
heavy-ion collisions.
One special feature of the measured global Λ polarization,
PΛ, is its
√
sNN dependence: the data shows that PΛ increases
when
√
sNN decreases in the energy range
√
sNN = 7.7−200
GeV, in opposite to the total angular momentum which de-
creases when
√
sNN decreases. This trend extends to
√
sNN =
∗Corresponding author: huangxuguang@fudan.edu.cn
2.76 and 5.02 TeV according to the recent measurement by
ALICE Collaboration [39]. This has been understood from
the fact that with larger
√
sNN the fireball at mid-rapidity is
closer to a Bjorken boost invariant fluid and allows smaller
vorticity [40, 41]. But what if
√
sNN decreases further into
very low energy region with
√
sNN < 7.7 GeV? Apparently,
at
√
sNN ∼ 2mN (mN the mass of proton or neutron) the total
angular momentum is nearly zero and therefore the vorticity
(if it can be properly defined in such a situation; see Sec. II)
must also be small. This suggests that the vorticity may first
grow and then fall down as
√
sNN increases from 2mN and
the turning point may indicate the arising of a boost-invariant
fluid at the mid-rapidity region. We note that, recently, the
HADES Collaboration reported the measurement of Λ polar-
ization at
√
sNN = 2.4 GeV and found it consistent with zero
albeit with a big uncertainty [42]. Combining the measure-
ments from STAR, ALICE, and HADES Collaborations, the
Λ polarization indeed shows a non-monotonic dependence on√
sNN which first increases and then drops with
√
sNN grow-
ing from very small to very large values.
The purpose of this paper is to study the fluid vorticity
at low-energy heavy-ion collisions. This is complementary
to the previous studies reported in Refs. [22, 40, 43, 44] in
which the fluid vorticity at high-energy heavy-ion collisions
was studied. The present study may also provide certain theo-
retical backgrounds for the recent measurement of Λ polariza-
tion by HADES Collaboration [42]. We note that the vortici-
ties at NICA and FAIR energies were studied in Refs. [45–48]
which bear some overlap with the energy range that we will
explore; but our main focus will be the energy dependence of
the vorticities at low energies. The magnetic fields can also be
generated in heavy-ion collisions [49–51] which may lead to
splitting between Λ and Λ¯ polarizations, which, however, will
not be discussed in the present study. We will use natural unit
~ = kB = c = 1.
II. NUMERICAL SETUP
We will study two different vorticities, the kinematic vor-
ticity and the thermal vorticity. They are defined, in the tensor
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2form, as
ωµν =
1
2
(∂νuµ − ∂µuν) , (1)
$µν =
1
2
(∂νβµ − ∂µβν) , (2)
where uµ = γ(1,v) is the fluid four-velocity with γ =
1/
√
1− v2 the Lorentz factor and βµ = βuµ with β = 1/T
the inverse temperature. Note that the thermal vorticity is di-
mensionless. The corresponding vector-form vorticities are
defined by
ωµ = −1
2
µνρσuνωρσ, (3)
$µ = −1
2
µνρσuν$ρσ. (4)
The kinematic vorticity ωµ is a natural covariant generaliza-
tion of the usual vorticity ω = (1/2)∇ × v which measures
the local angular velocity of the fluid. The importance of the
thermal vorticity relies on the fact that at global equilibrium it
determines the spin polarization density of the fluid [6, 8].
In order to compute the vorticities, we need to first com-
pute the fluid velocity and the temperature. In our simu-
lation we will use the Ultra-relativistic Quantum Molecular
Dynamics (UrQMD) model to obtain the position and mo-
mentum of each particle after the collision. The UrQMD
model is a microscopic model extensively used in simulat-
ing the (ultra)relativistic heavy ion collisions; see Refs. [52–
54] for detailed description of the UrQMD model. We have
also checked the results for
√
sNN . 2.5 GeV by using the
Isospin-dependent Quantum Molecular Dynamics (IQMD)
model [55–57] and find no qualitative difference between the
two models once the mean-field effects are properly included
in the UrQMD model.
We then use these information to define the three-velocity
by [40]
v(x) =
∑N
i=1(pi/Ei)ρ(x,xi)∑N
i=1 ρ(x,xi)
, (5)
where pi and Ei are the momentum and energy of the ith
particle located at xi(t), N is the total particle number, and
ρ(x,xi) is a smearing function. We choose a Gaussian form
for ρ,
ρ(x,xi) =
1
(2piσ2)3/2
exp
[
− (x− xi(t))
2
2σ2
]
, (6)
where we choose the width parameter σ to be σ = 1.48 fm for
baryons [55] and σ = 0.98 fm for mesons from a constituent
quark number scaling for volume σpi = (2/3)1/3σp,n. The
energy density ε(x) is obtained similarly
ε(x) =
N∑
i=1
Eiρ(x,xi). (7)
As we are considering the low-energy collisions in which
the matter after the collisions may not reach the local equilib-
rium so that, in principle, the notation of temperature may not
x
z
time t=0 
y
Density at maximum
FIG. 1: Illustration of the time evolution of a Au + Au collision. The
coordinate system is also shown.
apply. Thus, we will use the “temperature” T (x) simply as a
measure of the energy density, ε(x), via the relation ε = cT 4;
the concrete value of the prefactor c is not essential for our
purpose but we choose it to be c = pi2(16 + 10.5Nf )/30 ≈
15.6 with Nf = 3 so that it can recover the ε− T relation for
the thermalized quark-gluon matter in high-energy collisions.
III. NUMERICAL RESULTS
We present our numerical results for both the kinematic and
thermal vorticities for Au + Au collisions at
√
sNN = 1.9−50
GeV. In Fig. 1 we show an illustration of the evolution of the
collision, the origin of the temporal axis is set to the moment
when the number density of the particles is maximized in the
beam direction.
At mid-rapidity, the vorticity at the center of the collision
region (i.e., x = 0) is along the direction of the total angular
momentum, i.e, the −y direction in Fig. 1. The results for the
kinematic vorticity for impact parameter b = 5, 8, and 10 fm
are shown in Fig. 2. The average denoted by 〈· · · 〉 is over the
overlapping region with weight ε and over 500 events [40].
The results show that the kinematic vorticity decays with time
as a result of the system expansion with decay rate faster at
higher energy as the system expands faster at higher energy.
An important feature seen in Fig. 2 is that in the energy range√
sNN . 5 GeV, the kinematic vorticity at t = 0 (which will
be called initial vorticity) grows with
√
sNN. This is very dif-
ferent from that for high-energy collisions where it is already
known that the kinematic vorticity decreases with increasing√
sNN [40, 43].
This is more clearly seen in Fig. 3: The initial kinematic
vorticity versus
√
sNN is non-monotonic. With
√
sNN grows
from 2mN , a finite angular momentum also grows which
induces a finite kinematic vorticity increasing with
√
sNN;
namely, most of the angular momentum is carried by the
particles near the mid-rapidity region. When
√
sNN is large
enough (our computation suggests a turning point around√
sNN ∼ 3 − 5 GeV depending on centrality), the particles
near the mid-rapidity are not effective angular-momentum
carriers and most of the angular momenta are carried by the
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FIG. 2: Time evolution of the mid-rapidity kinematic vorticity at
different energies and two different impact parameters in the UrQMD
model.
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FIG. 3: Initial kinematic vorticity at mid rapidity as a function of the
collision energy for impact parameters b = 5, 8, and 10 fm.
particles with large rapidity (but at large rapidity the angu-
lar momentum may not be necessarily manifested as fluid
vorticity) and leaving the mid-rapidity region approximately
boost invariant. With
√
sNN growing to be very large, the
mid-rapidity region respects a good Bjorken scaling struc-
ture which does not support the fluid vorticity. We note that
in recent preliminary results reported by HADES Collabora-
tion [42], the Λ polarization indeed appears to be very small at√
sNN = 2.4 GeV. Recalling that the global Λ polarization at√
sNN = 7.7−200 GeV measured by STAR Collaboration [1]
and at
√
sNN = 2.76 and 5.02 TeV by ALICE Collabora-
tion [39] is decreasing with
√
sNN, our results combined with
the previous studies in, e.g. Ref. [40], are consistent with the
current experimental data if we adopt the vorticity interpreta-
tion of the global Λ polarization.
We show the time evolution of the thermal vorticity in Fig. 4
for two different centralities given by b = 5 fm and b = 8 fm.
It exhibits similar time dependence comparing to Fig. 2 for
the kinematic vorticity. It was shown that if a fluid is at global
equilibrium the thermal vorticity is responsible for determin-
ing the spin polarization density of the fluid [6, 8, 26, 58]. In
low-energy heavy-ion collisions, we must emphasize that the
system may not reach thermal equilibrium and may not have
a well-defined local temperature in the thermodynamic sense.
Thus, the temperature and in turn the thermal vorticity shown
in Fig. 4 may not have the same physical meaning as that given
in a system at equilibrium. So in this situation we do not ex-
pect that the thermal vorticity we show here can determine
the spin polarization. However, it could still be regarded as
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FIG. 4: Time evolution of the mid-rapidity thermal vorticity at dif-
ferent energies and impact parameters in the simulation with the
UrQMD model.
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FIG. 5: Initial thermal vorticity at mid rapidity as a function of the
collision energy for impact parameters b = 5, 8, and 10 fm.
the low-collision-energy counterpart of the thermal vorticity
defined at high collision energy and thus can give some hint
about the spin polarization at low collision energies.
In parallel with Fig. 3, we show the energy dependence of
the thermal vorticity at mid-rapidity for Au + Au collisions
in Fig. 5 which also exhibits non-monotonic feature. We here
note that the energy dependence of the thermal vorticity at
low-energy range was also calculated recently by using the
three-fluid dynamics (3FD) model [59]. They adopted a dif-
ferent definition for the origin of the time axis so that our vor-
ticity at t = 0 roughly corresponds theirs at the peak value;
in this sense, their results are qualitatively consistent with
ours. We note that although the initial thermal vorticity is non-
monotonic, the thermal vorticity at late time (e.g., at t = 14
fm) is roughly a decreasing function of
√
sNN. Given that the
mean freeze-out times of Λ and Λ¯ hyperons may not be short
even at low energy [60], this means that the Λ polarization
may behave differently from that for the initial thermal vortic-
ity as shown in Fig. 5. However, because at
√
sNN ∼ 2mN
there is no angular momentum to polarize Λ’s spin, we do ex-
pect a vanishing Λ polarization at
√
sNN ∼ 2mN (as shown
by HADES Collaboration [42]) and thus a non-monotonic be-
havior of Λ polarization as a function of
√
sNN. The calcu-
lation of the actual Λ polarization at low energy deserves a
future study.
Finally, we show the spatial distribution of the vorticities in
the transverse plane, i.e. the x-y plane, in Fig. 6 and Fig. 7.
We can observe from Fig. 6 that the kinematic vorticity is
roughly negative in the overlapping region consistent with the
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FIG. 6: The spatial distribution of the kinematic vorticity in the trans-
verse plane for
√
sNN = 2.5 GeV and
√
sNN = 10 GeV for b = 8
fm.
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FIG. 7: The spatial distribution of the thermal vorticity in the trans-
verse plane for
√
sNN = 2.5 GeV and
√
sNN = 10 GeV for b = 8
fm.
direction of the angular momentum. As the system expands,
the vorticity at the center of the overlapping region becomes
smaller and smaller; this is more clearly seen in the bottom
panels for
√
sNN = 10 GeV as the system expands faster than
that of
√
sNN = 2.5 GeV shown in the top panels. One may
also notice that there are regions (near the periphery of the nu-
clei) with strong positive vorticity which is a corona effect due
to the sharp density difference at the boundary. Very similar
phenomena are also shown for the thermal vorticity in Fig. 7.
IV. SUMMARY AND DISCUSSIONS
In summary, we have computed the kinematic and ther-
mal vorticities in low-energy heavy-ion collisions in the en-
ergy range
√
sNN = 1.9 − 50 GeV in the framework of the
UrQMD model. The results show that both the initial kine-
matic and thermal vorticities first grow when
√
sNN increase
from 2mN and then decrease for larger
√
sNN; the turning
point is around 3 − 5 GeV depending on the centrality. If we
assume that the global Λ polarization is simply proportional to
the initial thermal vorticity, our results suggest that the global
Λ polarization versus
√
sNN is not monotonic: it would first
increase and then decrease as
√
sNN grows. Such a feature is
consistent with the recent measurements by HADES, STAR,
and ALICE Collaborations. But we emphasize that the calcu-
lation of the actual Λ polarization needs more detailed study
because that Λ’s mean freeze-out time is not short and that at
low energy we need non-equilibrium treatment of Λ polariza-
tion. The future experimental programs and facilities, such as
the phase II of the beam energy scan program at RHIC, the
FAIR at GSI, the NICA at Dubna, and the HIAF in China,
could cover the energy range we have explored in this work
and provide further results about the vorticity and spin polar-
ization at low energies.
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